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The modified Seiberg-Witten monopole equations are presented in this letter. These 
equations have analytic solutions in the whole 1 + 3 Minkowski space with finite energy. 
The physical meaning of the equations and solutions are discussed here. 
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Recently, Witten Q developed an elegant dual approach, that much simplified the Donaldson theory 
J of four-manifolds. This approach starts from the Seiberg-Witten monopole equations || 
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5! F+(r) = -^(r) 7 Xr). (2) 

Witten noted that in the flat space the Seiberg-Witten equations admit no L' 2 solutions. However, 
Freund || found a simple non — 1? solution, based on a fermion moving in a U(l) Dirac monopole 
\ field Q . This solution has singularity at the origin, and a singular string from the monopole that can 

■ be removed by the concept of section ||. 

It is reasonable to extend Freund's solution by considering the solution based on a fermion moving 
in the smooth 't Hooft-Polyakov monopole field . This solution is analytic in the whole space with 
finite energy such that it could not satisfy the Seiberg-Witten equations, but the modified ones. In 
other words, the second Seiberg-Witten equation (2) has to be modified to meet the SU(2) monopole 
solution. 

As pointed out by Freund B that the spinor in his solution satisfies the Weyl-Dirac equation, and 



the spinor field constructs the Coulomb field. It is our starting point that these important properties 



should be kept in the modified equations and the solutions. 

Prasad-Sommerfield || found the analytic SU(2) monopole solution with finite energy. If one 
changes the Higgs field into the fourth component of the gauge potential, an analytic, self-dual, static 
and spherically symmetric SU(2) monopole solution without external source can be obtained uniquely 
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W = T -^- (1 - r<p{r)) , W 4 = ^-^T ■ f, 
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^G(r = r — pcoth (Br) ~ < \ ' , (3) 

1 -p when r — > oo 
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where e is the unit electric charge, f is the unit radial vector, j3 is a constant with positive real part, 
and T are the SU(2) generators in the isospin space. 
The gauge field 

G lu , = d M W v -B v W ll -ie(W tl W v -W v W tl ) (4) 
is self-dual such that the magnetic field B k = e%jkGij is equal to the electric field — iEk = Gua'- 

B = -£E = S||(r)f(T • f) + B±(r) (T - f(T • r)) , 



1 ,3 2 f -/3 2 /(3e 2 ) when r — ► 



2 -sinh 2 (/3r) \ -l/(er 2 ) when r — > oo 



g _ /3 2 coth(/?r) f -/3 2 /(3e 2 ) when r u 
±lrj ersinh(/3r) esinh(/3r) ~ \ 0(e~^) when- — " 



Note that -B||(r) and B±(r) tend to the same constant when r goes to zero so that it cancels to each 
other and B is single- valued at the origin. 

There is a standard technique [p~0| — p~2|| to represent two SU(2) spins in a vector representation. We 
sketch the idea in the following. 

Transform the spinor part of magnetic field B into 2x2 matrix: 

3 1 3 

*-B = ££ ° k B k T T T , B{v)J = £ a k ab B k \ (6) 

fe=l-r=-l k=l 

where a k is the Pauli matrix with two spinor subscripts a and b = ±1/2, and T T is another basis of 
isospin generator with subscript r = 1, 0, and — 1, 

Ti = -2-^ 2 (T x + tT y ), T = T Z , T_ 1 = 2- 1 / 2 (T x -iT y ). (7) 

Now, removing the basis T T , we can rewrite the self-dual gauge field B(r) as a direct product of a 
2x2 matrix and a 3 x 1 matrix: 



i cos 6* sin6*e tv , , 
B(r) = S,|(r . • <g> cos6» 

1 sin #e lv — cos # ' 1 



2- 1 / 2 sin 6»e" iV 

cos 6* 
2" 1 / 2 sinfle^ 



^ ,, , , -2- 1 / 2 cos0e-^ \ / . /i2- 1 /a e -**' 



(8) 



The second column of the spinor part is nothing but the complex conjugate of the first column: 

l 

£(r) a( T - 1/2) = E E ^V)4aW{*(*)c(i/3)} , <4(0 = (-l) i+ °*«(-6), (9) 

c=±l/2 A=-l 

where the combinative coefficients have to be included due to the similarity transformations dp (tt) 
between two equivalent representations D J (SU(2)) and D : >(SU(2))*. Hence, removing the second 
column of the spinor part, we define self-dual field G + (r) that is a direct product of two-component 
spinor and three-component isospinor: 

G+(r)/ = B(r) Q(1 } 2) , 
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G + (r) = £m(t 



cos 

sm6e ilf 



-2- 1 /2 sin6 i e -K 

cos 
2- 1 / 2 sinfle^ 




On the other hand, let -0(r) be a spinor field with spin 1/2 and isospin 1, and satisfy the Weyl-Dirac 
equation (1). By making use of the following 7 matrices: 

? = («*T)' 74= (Jo)' 75= (o-°i)' 

we may introduce the two-component spinor fields with isospin 1: 



u±(r) ~ - (1 ± 7s ) ^(r), VW = I ^ r J • ( 12 ) 
Now, we modify the second Seiberg-Witten monopole equation (2) as follows: 

G*(r) T =«-(!•)-, (13) 

where the subscripts a = ±1/2, and r = 1, 0, —1. The main change from Eq.(2) to Eq.(13) is that the 
bilinear form of ip in Eq.(2) becomes the linear form in Eq.(13). It has a great merit of this change 
that the modified equations have analytic solutions in the whole Minkowski space with finite energy. 

Twenty years ago the spinor solutions with isospin 1 of the Weyl-Dirac equation (1) were obtained 
fl2| [Tif where the spinor field moves in an analytic, self-dual, static and spherically symmetric SU(2) 
monopole field without external source. Now, we sketch the calculation as follows. 

Equation (1) is spherically symmetric so that the general angular momentum J is conserved: 

J = L + S + T, S = a/2. (14) 

The two-component spinors u^ m (r) can be expanded by the common eigenfunctions of J 2 , J z , S 2 , 
S-f,T 2 and T ■ f: 

1 

uf m {r) a T = J2 ffmb\( r W mb \(r) a T , (15) 

6=±l/2 A=-l 

1 /2 

vL b x(r) a r = (^r) D^^^oyDli'^e^DU^AO), (16) 

where 9 and ip are the polar and azimuthal angles of f, the spinor subscript a runs over ±1/2 and 
the isospinor subscript r runs over 1, 0, and —1. Expressing the spinor and the isospinor as a column 
matrix, respectively, we may rewrite rj J mbx (f) as a direct product of a 2 x 1 matrix and a 3 x 1 matrix, 
satisfying 

J 2 V J mb x(r) = J(.J + 1)tLx(?)> S 2 V J mb x(r) = (3/4)r^ hA (f ), T 2 rf mbx (f) = 2rf mbx (f), 

J zV 3 mb \(r) = mrf mbX {f), (S ■ f) rf mbX (r) = W mbX (f), (T ■ f) rf mbX {r) = \rf mbX (r). (17) 
It is easy to show the following formulas: 

a-D=(a-f) + - I - r^ 1 (a-f)K + i6(r)a • (f A T) , 
\or r J 
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K = a- {r A (-i y -r A T/r 2 )} + 1, 



(18) 



ct • (f A T) ^ hA (f) = »26^ A ^ ( _ l)(A+2i) (f), A hA = {(9/4) - (b + A) 2 } 1/2 

Krf mhX {r) = K x rf m( _ b)x (f), K x = {(j + 1/2) 2 - A 2 } 1/2 . (19) 
Hence, equation (1) becomes 

(ifr + I) f ^ {r) ^ rl 4(-i)AW + ^A0(r)/± ro( _ b)(A+26) (r) = ±iG(r)26A/± w (r). (20) 
From the convergent condition, the only analytical solutions are obtained for j = 1/2 [jl3|| : 

^(l/2)m(l/2)o( r ) = _ /(l/2)m(-l/2)o( r ) = c m-5||( r X 
■^(l/2)m(l/2)(-l)( r ) = _ /(l/2)m(-l/2)l( r ) = c m V2i?_L (r) . (21) 

where c m is an arbitrary constant due to the linear property of Eq.(l), and Bu and B± were given in 
Eq.(5). The rest components f~ mbx ( r ) are vanishing. 
In terms of the exact forms of D J mm ,(a, f3, 7) p^| : 

jyj , R s = V (-1)" {(3 + - m)!(j + m')!(j - m')!} 1/2 

mm ' 1 ' P ' 7J ^ (j + m-n)l(j-m'-n)\nl(n-m + m')\ 

■ e' lma {cos((3/2)) 2j+m - m '- 2n {sm(P/2)) 2n - m+m ' e-' lm '\ (22) 



we have 

^(1/2) (1/2)0 (^) ~ ^(l/2)(-l/2)o(^) = ( 2?r ) 



cos 
sinfle^ 



sinAe - ^ 



cos 9 
cos 9 



7 ?(-l/2)(l/2)o( ?J ) 7 ?(-l/2)(-l/2)o(^) — ( 2?r ) f 
? ?(l/2)(l/2)(-l)( 7J ) ~~ ^(1/2) (-1/2)1^) 

f/ • fl\ /-2- 1/2 cos0e-^ \ , . / J 2- 1 /2 e -^ 

r ?(-l/2)(l/2)(-l)(^) _ ^(-l/2)(-l/2)l(^) 

fl -«p\ /-2- 1 / 2 cos0e^\ / . ( i2- 1 ' 2 e-^ 

Sm& / V 2-V2cos^ / V 7 \ i2 -V3 e * 



(23) 
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If we choose the constant c m in (21) as follows: 

Cl/2 - C_i /2 - (27T) 1 / 2 , (24) 

then, u^ nbA (r) = 0, and u ( 1 / 2 )(i/2)fcA( r ) J us ^ satisfies the modified Seiberg-Witten monopole equations 
(1) and (13). It is evident that M ( 1 / 2 )(i/2) ( r ) an< ^ u (i/2)(-i/2) ( r ) satisfy a complex conjugate relation 
like Eq.(9): 

l 

U a/2)(-l/2)( r )« T = S 12 (>/2)(l/2)( r ) C A ) ' ( 25 ) 

c=±l/2A=-l 

In summary, the modified Seiberg-Witten equations consist of Eq.(l) and Eq.(13). Equation (1) 
describes a spinor field with isospin 1 moving in an analytic, self-dual, static and spherically symmetric 
SU(2) monopole field without external source. And equation (13) shows that the spinor field relates 
with the gauge field directly. It is the reason why the gauge field still satisfies the Yang-Mills equation 
without external source. 

Since the gauge field is a hedgehog solution, its integral on a closed spherical face is vanishing: 



J BdS = 0. (25) 



But, 

e 



^Tr jy B(T- f) • dSj = er z B\\{r) 1, whenr — > oo. (26) 

This is the first Chcrn number of the gauge field, and the asymptotic form shows that the total 
magnetic charge is — 1/e. Furthermore, 

(47rr 2 ) _1 Tr J J ]T e^ prT G^G pa dS \ = 2B^r) 2 + 4B ± (r) 2 . (27) 

On the other hand, the spinor field ipj m (r) with j = 1/2 satisfies: 

(Airr 2 )- 1 J ii jm (rf (a ■ r)iP jm (r)dS = (Anr 2 )' 1 J ipj m (r)^ (T • f) i/jj m (r)dS = 0. (28) 

(iirr 2 )' 1 J il> jm (r)Him(r)dS = (4tt) (Sy (r) 2 + 2B ± (r) 2 ) . (29) 



Therefore, 



(l6^ 2 ) 1 Trl [ e^prG^GpadSl = (32tt 3 ) 1 f ^ m (r)^ jm (r)dS. 



(30) 



where the integrand on the left-hand-side of Eq.(30) is nothing but the second Chern class. 

The physical meaning of the modified Seiberg-Witten monopole equations should be further ex- 
plored, and new solutions will be sought later. 
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